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The differential cross sections of the 2°Pb(d, p)2®Pb transitions to the states 9/2*, 5/2*, 1/2*,
7/2*, and 3/2* in 2%°Pb were measured at 135° laboratory angle for deuteron energies between 7.0
and 10.5 MeV. The data below 8.0 MeV were analyzed in CouviomB Wave Born Approximation to
give accurate spectroscopic factors of the five levels according to a simple shell model potential
in the final nucleus. The dependence on some of the parameters that determine this potential is
studied. The absolute value of the normalizing constants of the bound neutron wave functions
outside the nuclear potential well are determined without reference to any shell model potential, i. e.
their true values are given. It is confirmed that the ground and excited states up to 2.52 MeV in
209P]h are pure single particle states so that from their study one can draw a proper shell model

potential in the lead region.

Since many years the analysis of stripping reac-
tions has been useful to gain spectroscopic infor-
mation about nuclear states. Especially the Distorted-
Wave-Born-Approximation (DWBA) analyses give
in general quite satisfactory results and so their
basic validity is little doubted.

However, normally so many poorly determined
parameters enter the DWBA that in some cases the
extraction of spectroscopic factors (S-values) as one
of the most interesting pieces of physical informa-
tion, becomes rather dubious.

The straightforward way out of this difficulty is
the transition to low bombarding energies, i.e.
Couroms-stripping ! which reduces the number of
free parameters for the DWBA since in that case
the motion of the incoming and outgoing particles
is independent of the nuclear potentials. Therefore
the stripping cross section depends only on the
bound nucleon wave function in the final nucleus.
In particular one has:

1. If the bound state has a unique angular
momentum [ its radial part outside the nuclear
potential is given by a Hanker function times a
normalizing constant which can be measured directly.

2. In ideal cases where the S-values can be
assumed to be known a priori, a parametrization of

1 L. C. Biepenuary, K. Boyer, and M. GovrpsteiN, Phys. Rev.
104, 383 [1956]. — L. J. B. GoLprars, Nucl. Phys. 72, 537
[1965].

2 R. H. Srtoxkes, Phys. Rev. 121, 613 [1961].

3 J. R. Ersking, W. W. Buecaner, and H. A. Ence, Phys. Rev.
128, 720 [1962].

the true shell model potential can be found for the
mass region considered.

3. If an acceptable shell model potential for the
single particle states in the final nucleus is known,
one can measure with high accuracy absolute S-
values of the states populated in stripping reactions.

Some experimental work on CouLoms stripping in
heavy nuclei has already been done. StoxEs? has
measured 206:207Ph(d,p) and 2%°Bi(d,p) at three
bombarding energies. ErskINE et al. 3 have measured
209Bi(d,p) at two energies with high resolution.
In both papers the authors concentrated their atten-
tion on the angular distribution in CouLomB stripp-
ing. The possibility of determining accurate S-values
was studied in the reaction °Zr(d,p) by Briest
etal. and by Davrry 4. These experiments finally gave
the results expected if %'Zr has a single neutron
outside the N = 50 shell.

To study the implications of Couroms stripping
in an experimentally and theoretically even cleaner
case we measured the excitation functions of
208Ph (d,p) at 135°. It is the aim of this paper to
extend the presentation of the results which in part
have already been communicated in a short form 5.
So first in section I we will discuss the theoretical
justification of our statements 1. to 3. In section II

4 C. E. Brient, E. L. Hupseern, E. M. BernstEIN, and W. R.
Smrte, ORNL-TM-1102 [1965]. — E. Darvry, private com-
munication.

5 M. Dost and W. R. Herine, Phys. Letters 19, 488 [1965].
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the experimental technique is briefly described and
the experimental results are given. Section III brings
results of the DWBA-analysis. There we study the
dependence of spectroscopic factors on the bound
neutron potential and give the normalizing constants
of the actual bound neutron wave functions in 29°Ph
and the parameters of an acceptable shell model
potential in the lead region.

I. Theoretical Remarks

For a reaction A(d,p)B the differential cross
section is in DWBA given by 6:

o=cl|T |2; T=[dr,dr, Xi)_)* (BI Vap i 4) Zfiﬂ@d
(1)

where ¢ is a statistical factor and the distorted
waves xp,(7), %3(") describe the relative center of
mass motion of (p+B) and (d+ 4), respectively.
The neutron-proton interaction is denoted by V,;,
D, represents the internal wave function of the
deuteron. To avoid the sixfold integration V', is
almost always replaced by a constant N, times
0 (rpp) which means that 7, is assumed to have
zero-range. Therefore all distorting effects of the
CouromB and nuclear fields on @D, are neglected.
This is certainly unjustified and has been subject
to criticism?. However, it can be shown?® that in
the normally used “post” formalism of DWBA one
may use the zero-range approximation without
making too serious a mistake.

The stripping form factor (4|B) = ®,(1,) can
be expanded into a sum over shell model wave
functions j;,, . The problems of this expansion
have been extensively discussed ®. For our purpose
it is important to note that outside the target nucleus,
i.e. where the bound state potential has dropped
off to zero we have

Qn(rn) = IZSlly/nzL Yijim = IZSII/nZL Cij hl(l)(i kp rn) Y{n (;ﬂ)
im im
(2)

where % kg is the linear momentum that corresponds
to the actual binding energy Ep of the captured

6 N. K. GLexpexsing, Ann. Rev. Nucl. Sci. 13, 191 [1963]. —
G. R. Sarcurer, ANL-6878, 23 [1964].

7 S. T. BurLer, Nature 207, 1346 [1965]. — L. J. B. Gorp-
rars and M. B. Hoorer, Phys. Letters 19, 299 [1965].

8 F. B. Gisson and A. K. Kermax, On the Accuracy of Cou-
lomb Stripping for Measuring Single Particle Reduced
Widths in Nuclei, preprint, Oak Ridge 1966.

9 N. Avustery, Phys. Rev. 136, B 1743 [1964]. — W. T. Pink-
stox and G. R. SatcuLer, Nucl. Phys. 72, 641 [1965].
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neutron. Since we are mainly interested in spin zero
targets and heavier nuclei where seniority is
assumed to be a good quantum number we may
from now on restrict our consideration to cases of
only one [-value in the expansion (2).
Then we have:
T:Nd 511747% Cij fdrn X§)_)*hl(1)(i kB rn) Ylm(”\'n) ZSzH
(3)
The functions x,(™) and y4(*) are calculated
from optical potentials which have been determined
by an elastic scattering analysis. Quite often this
analysis does not give these potentials uniquely
and if it does there may be serious objections
against their use in stripping calculations !, The
reason is that strong reaction channels may through
virtual processes influence the elastic scattering but
not the stripping. Therefore the optical potentials
to be used may be not the same in both cases.
However, if the scattering is determined by the
Couroms field alone, the distorted waves are known
exactly and all further problems concern Ny and
Skucij only. In this case we have CourLoms stripping
and it is clear that it will be possible only if the
reaction (J-value is not too high and the bombarding
energy is low. (Inlight nuclei we have the additional
difficulty of compound nucleus effects which lead
to fluctuations 11.) To the extent that the structure
of the deuteron is known from n —p scattering the
N, itself may be considered as given. Atlow energies
it is reasonable to take for @3 a HurraEn wave
function which gives |Ng[2=1.5|NJ[?, where NJ
is the value for the zero-range deuteron wave func-
tion12. Actually this simple relationship between
Ng and N§ is clear only for cases where the inte-
grand in eq. (1) is a slowly varying function over
the range of V7, . At high incident energies where
the interior part of @, with its comparatively rapid
oscillations contributes the effect of using a HurtaEN
wave function may be quite different. (The general
aspects of using a finite-range wave function and
nevertheless performing a zero-range calculation
have been discussed by Burrie and Gorprars!3
and by Bencze and Zymanvi!4) In the case of

G. H. Rawrrscuer, Phys. Letters 21, 444 [1966].

11 1., L. Lee and J. P. Scuirrer, Phys. Rev. 107, 1340 [1957].
R. H. Basser, R. M. Drisko, and G. R. SarcaLer, ORNL-

3240 [1962].

13 P. J. A. Burree and L. J. B. Goprars, Proc. Phys. Soc.
London 83, 701 [1964].

14 Gy. Bencze and J. Zmvanyi, Phys. Letters 9, 246 [1964].
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Couroms stripping, however, the relevant part of
@, is the monotonic HankeL function and the low
energy protons and deuterons have long wavelengths.
Therefore we regard N, as fixed. So we are left
with Sj;,, | ¢;j 2 as the number which can be deter-
mined by CouLomB stripping, provided the (I, j) of
the final level is known. This is the model inde-
pendent information we can gain, and we see from
eq. (2) that this quantity is just the square of the
coefficient of that part of the actual wave function
@, which has angular momentum [ and therefore
falls off as AV .

Now the ¢;; actually are the normalizing constants
of the shell model wave functions 7! used in their
asymptotic forms in eq. (3) to calculate the theoreti-
cal cross sections and which we were free to choose.
This means that for the experimental differential
cross section one has 0ey, =S o0 B9 4 where the
model dependence of S;;,, has its origin in the
proportionality of oBysa to cfio 2, the square of
the normalizing constant of yu®. As soon as one
knows the true ¢;; and therefore opwpa one finds the
true spectroscopic factor S as the ratio Gey,/0pwaa -
This procedure implies that in reality there exists
a true shell model potential which should be used.

On the other hand we can determine the true
opwpa and from this the ¢;; if we know the S-values
a priori. This allows to find parameters that deter-
mine an acceptable shell model potential with eigen-
functions having the experimentally found normaliz-
ing constants outside the potential well. This is so
especially if we have several states in a final nucleus
where a single potential must give the expected
S-values for all of them.

II. Experimental Method and Results

The (I, j)-values, excitation energies and Q-values
of the transitions we studied, were taken from
Muxkuersee and Conex?® and are given for con-

state excita-  separa- @-value of reaction
in 209Ph tion tion | 208Pb(d, p)209Pb(nlj)
| energy energy
nlj MeV MeV MeV
2 gopo 0 394 | 1.72
3dspe 156 | 238 | 0.16
481 203 | 191 | —0.31
2 g2 247 | 147 —0.75
3 daje 252 | 142 ‘ —0.80

Table 1. Angular momenta, excitation energies, and Q-values
of the five levels studied. The figures are taken from ref. 15,
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venience in Table 1. The measurements were carried
out at the Heidelberg tandem Van peE Graarr with
standard experimental techniques. We measured the
ground state transition in a scattering chamber
equipped with solid state detectors, which is de-
scribed in the preceding paper by RicurEr et al.
The Li-drifted silicon detectors were arranged at
laboratory angles of 90, 105, 120, 135, 153, and
171°. At room temperature they had an energy
resolution for 12 MeV protons of about 80keV.
The protons from transitions to excited states in
209Ph were detected on Ilford K2 and G5 photo-
plates in a broad range magnetic spectrograph
which was described by Bock et al. 1. Separation of
deuterons by the magnetic field and by copper
stopping foils was well possible without making
the good energy resolution of about 20 keV worse.
Two typical spectra are shown in Fig.1 which
allows a comparison between the two detection
methods.

The targets consisted of 99.9% enriched 2°8Pb,
440 ug/cm? thick at maximum, that was evaporated
on a thin carbon film. To avoid a measurable eva-
poration of the lead during irradiation we limited
the current to 250 nA on the target at maximum.
The target thickness was checked in regular intervals
by taking the rate of elastically scattered deuterons.
Thereby we checked also the inhomogeneity of the
target to be less than 5%.

In Table2 are given the measured differential
cross sections. We do not give values for the transi-
tions to the 11/2" and 15/27 levels because their
cross sections were too small according to the high

deuteron | state in 209Pb

energy i
MeV 2g92  3dsp2 4s12 | 2g72 | 3dape

|
1050 | 1.36 | 545 4.12 1.81 5.61
1000 | 125 | 6.05 .72 | — 5.15
9.85 1.14 5.33 3.75 1.41 4.55
9.50 1.01 5.24 4.24 1.22 4.38
9.00 0.70 4.22 3.55 0.81 3.37
8.65 0.56 2.99 3.03 0.72 3.30
8.50 - 2.94 2.19 0.40 2.31
8.00 0.28 2.10 2.19 0.30 1.83
7.50 0.13 1.41 1.57 0.17 0.98
7.00 0.06 0.71 0.71 — 0.46

Table 2. Differential cross sections (in mb/sr) for
208Ph (d,p) 29°Pb at 135° laboratory angle.

15 P.Muxknersee and B.L.Conex, Phys. Rev.127,1284 [1962].
16 R. Bock, H. H. Duam, S. Martiy, R. Riper, and R. Srock,
Nucl. Phys. 72, 273 [1965].
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Fig. 1. Typical spectra taken in the scattering chamber (above) and the magnetic spectrograph (below). In the spectrograph
the deuterons have been absorbed by copper foils.

orbital angular momentum transfer. A careful analy-
sis of the experimental method led us to an estimate
of the accuracy of 15% at every measured point.

III. Discussion

The stripping calculations were carried out with
the DWBA code TSALLY of BasskL et al. 12, wherein
the potential ¥y, is assumed to have zero-range. We
compared at different bombarding energies the cross
sections in CouromB approximation with those in
complete DWBA the scattering potentials of which
were taken from Hopeson!’. It was found that
below Ej=38.0 MeV the deviations between the two
at 135° were negligible or zero. Therefore we
concluded that for 2%Pb(d,p)2%°Pb and 135° the
CouromB stripping approximation is valid below
8.0 MeV. This is confirmed by increasing the optical
potential depths by a factor of three which had
almost no effect on the calculated cross sections
below 8.0 MeV. On the other hand the DWBA
curves with Hopcson’s parameters show reasonable
agreement with experiment also above 8.0 MeV.

17 P. E. Hopcsox, Proc. Padua Conference 1963, p. 103.

Analytical form of the scattering potentials:
deuteron: Ve — (V + W)
X [1 + exp{(r — ro A13)/a}]1

proton: Ve — V[1 + exp{(r — roA1/3)/a}]~1
— iWexp{(r — ro’413)/a’}]2
parameter l deuteron \ proton
V (MeV) | 50 | 58 —03XE,
W (MeV) 8.5 | 83X Ep?
re (fm) | 1.5 | 1.25
ro(fm) i 1.5 ‘ 1.25
ro’ (fm) — 1.25
a(fm) 0.65 0.65
a’ (fm) | — 0.98

Table 3. Deuteron and proton scattering potentials taken from

Hobcsox 17, used in the complete DWBA calculations. The

Couroms potential is represented by V., the potential of a
homogeneously charged sphere of radius r¢ 4.

Therefore they are given in Table 3 together with
the analytical form of the scattering potentials.

As could be expected it turned out that the free
parameters left for the description of the bound
neutron entered the results quite strongly via the
absolute value of the tail of the neutron wave func-
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set (A) set(B) lated with sets (A) and (B) and
o7 l = 07F ] their dependence on the bound state
1 1 1 1 i ] A | ] 1 i ! 1 potential radius r=rop 42,
120 122 124 oy fm] 120 122 124 126

we chose a Woobs-
diffuseness a, and

tion. For the neutron potential
Saxon well of radius rg, A,
spin-orbit term of the form
(B Y .q) L 4 -1,
(2Mpc) AV (-8) —g (1)
z=(r—rppd4”)/a.

(V is the depth of the Woops-Saxon potential which
is fitted to the experimental separation energy Eg.)
Two sets of parameters (ron, @, 4, | Ng[?) turned
out to give satisfactory results:

e | e | Nal2
(4) 1.23 fm 0.65 fm o | 15
(B) 1.21 fm 0.65 fm 20 | 165

The corresponding spectroscopic factors are given
in Table 4. Since we could not carry out a system-
atic parameter search it is very likely that these
two sets do not give the best description of the

nlj of state Siim Siim \ error
in 209Ph set (A) set (B) |
2 go/2 107 | 0.96 + 149,
3dsp2 | 1.14 | 1.06 =+ 109%,
4s;p0 | L1l 094 + 99
2 g7z 0.98 ; 1.05 + 159,
3daj2 | 1.01 ‘ 0.97 + 119,

Table 4. Spectroscopic factors Syjm, for the two bound state
potentials (A) and (B) given in the text.

18 G. R. SarcHLER, private communication.

asymptotic neutron wave functions. But one can
see that the inclusion of spin-orbit coupling reduces
the mean deviation of the S from 1 considerably,
making it 6% at maximum.

The different value for |N;[? in potential (B)
comes from a change in the HuLtaEN function due
to recent n—p scattering analyses!8, Since we
changed only rg, it might be equally interesting to
know how the diffuseness a influences the S-values.
This is shown in Table5 for =0 and [=4. Ob-
viously there is no reason to prefer the variation
of rop to that of @, and in a systematic parameter
search both will have to be varied.

nljof | a (fm)

state in | | |
209Pb | 0.55 | 0.60 0.65 ‘ 070 | 075 | 0.80
2gyp | 121 108 | 0.96 | 0.85 076  0.67
45y 112 103 094 | 0.86 079 073

Table 5. Variation of the spectroscopic factors Sijm from set
(B) with diffuseness a in the [=0 and [=4 cases.

Finally it is one of the main results of our ex-
periment that the possibility of fitting all five transi-
tions by one parameter set within experimental
errors to S;,u=1 supports the expected single
particle nature of the five states studied in 299Pb.
In this sense the numbers given in Table 6 are the
normalization constants |¢;;| of the actual bound
neutron wave functions.
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nlj
of state 5 5 > 275 3dys
by 04 2go2  3ds2 4sip g2 3/2
ey 069 126 209 0037 039

Table 6. Absolute values of the coefficients ¢;; in the Hanker
function expansion of the actual from factor @y, (rpy).

In conclusion we may say that potential (B) is quite
a good approximation to the shell model potential
in the lead region. (In particular, the | Ny [>=1.65
seems to be better than 1.5 for the HurtHEN wave
function.) With this potential one can hope to find
reasonably accurate spectroscopic factors in all cases

19 H. Mewpxer and G. Stssmany, Phys. Letters 6, 353 [1963].
— H. MeLo~er, G. Stssmany, and W. Uvricr, Z. Natur-
forschg. 20 a, 1217 [1965].
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where one [-component of an eventual mixture domi-
nates. What changes are caused by the nonlocality
of the potential 1? is not yet sufficiently studied.
They may be large and in any case will have to
be included in a best possible approximation of the
true shell model poential. Our experimental data
seems to be accurate enough to allow the tackling of
such a problem.
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